We propose the Gaussian quadrature inference (GQI) method for multicarrier continuous-variable quantum key distribution (CVQKD). A multicarrier CVQKD protocol utilizes Gaussian subcarrier quantum continuous variables (CV) for information transmission. The GQI framework provides a minimal error estimate of the quadratures of the CV quantum states from the discrete, measured noisy subcarrier variables. GQI utilizes the fundamentals of regularization theory and statistical information processing. We characterize GQI for multicarrier CVQKD, and define a method for the statistical modeling and processing of noisy Gaussian subcarrier quadratures. We demonstrate the results through the adaptive multicarrier quadrature division (AMQD) scheme. We introduce the terms statistical secret key rate and statistical private classical information, which quantities are derived purely by the statistical functions of GQI. We prove the secret key rate formulas for a multiple access multicarrier CVQKD via the AMQD-MQA (multiuser quadrature allocation) scheme. The framework can be established in an arbitrary CVQKD protocol and measurement setting, and are implementable by standard low-complexity statistical functions, which is particularly convenient for an experimental CVQKD scenario.
INTRODUCTION
The continuous-variable quantum key distribution (CVQKD) protocols provide a plausible solution to practically realize an unconditional secure communication over standard, currently established telecommunication networks [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . An important attribute of CVQKD is that, in contrast to DV (discrete variable) QKD, it does not require singlephoton sources and detectors, and can be implemented by standard optical telecommunication devices [1] , [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] , [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] . In a CVQKD system, the information is carried by a continuous-variable quantum state that is defined in the phase space via the position and momentum quadratures. In practice, the CV quantum states have a Gaussian random distribution, because a Gaussian modulation is a considerable and well-established technique in an experimental scenario. The quantum channel between the sender (Alice) and receiver (Bob) is also provably Gaussian, because the presence of an eavesdropper (Eve) adds a white Gaussian noise into the transmission [19] [20] [21] . The CVQKD protocols have several attractive properties, however, the relevant performance attributes, such as secret key rates and transmission distances, still require significant improvements. For this purpose, the multicarrier CVQKD has been recently introduced through the adaptive quadrature division modulation (AMQD) scheme [2] . Precisely, the multicarrier CVQKD injects several additional degrees of freedom onto the transmission, which is not available for a standard, single-carrier CVQKD setting. In particular, these extra benefits and resources allow the realization of higher secret key rates and higher amount of tolerable losses with unconditional security. These innovations opened a door to the establishment of several new phenomena for CVQKD which are unrealizable in standard CVQKD, such as singular layer transmission [4] , enhanced security thresholds [5] , multidimensional manifold extraction [6] , characterization of the subcarrier domain [7] , adaptive quadrature detection and sub-channel estimation techniques [8] , and an extensive utilization of distribution statistics and random matrix formalism [9] . The benefits of multicarrier CVQKD has also been proposed for multiple access multicarrier CVQKD via the AMQD-MQA (multiuser quadrature allocation) [3] .
Statistical information processing is a statistical theory to extract information from signals. Statistical information processing has a wide application range from information theory to communication systems to physics [25] [26] [27] [28] . In traditional communications, statistical information processing is a useful tool to characterize input signals from noisy observations, to achieve noise reduction, signal classification and compression, etc. The field of multirate statistical information processing deals with statistical information extraction from data that are characterized at non-equal sampling rates [28] . Statistical inference is an application of probability theory to propose generalized, plausible conclusions about a non-observable process. Particularly, the calculations are deductions and the conclusions are inferences based on observations. The inference rules utilize empirical methods to generate plausible results that are the subject of a desired solution. Statistical inference methods are rooted in the fundamentals of regularization theory. The practical aim of regularization theory is to provide a sequence of well-posed solutions that converges to an expected answer. The maximum entropy principle is a general method of statistical inference. It allows us to infer a probability distribution given certain constraints on the probability distribution itself.
In this work, we define a statistical information processing model of multicarrier CVQKD. We study the statistical attributes of the transmission of Gaussian CV quantum states, and define the method of Gaussian Quadrature Inference (GQI) for multicarrier CVQKD. The aim of GQI is to provide a statistical estimation of the input Gaussian subcarrier quadratures from the observed noisy Gaussian subcarriers, conveyed via the Gaussian sub-channels. Specifically, the GQI method is processing on the discrete noisy subcarrier quadrature components to recover the input Gaussian CV state in a continuous regime. The GQI method developed for multicarrier CVQKD utilizes the theory of mathematical statistics and the fundamentals of statistical information processing. We prove that the GQI method achieves a theoretically minimized magnitude error, allowing one to determine the continuous variable Gaussian quadratures from the discrete variables with a vanishing error probability. We define the terms statistical secret key rate and statistical private information, and using the statistical functions of GQI we prove the corresponding formulas. We demonstrate the proofs through the AMQD-MQA (multiuser quadrature allocation) multiple access multicarrier CVQKD scheme.
The integrated statistical functions are flexible, allowing it to be established in an arbitrary CVQKD protocol setting (one-way, two-way CVQKD) and measurement apparatuses (homodyne, heterodyne measurement), which is particularly convenient in an experimental CVQKD setting. The continuous-variable quantum key distribution (CVQKD) protocols provide a plausible solution to practically realize an unconditional secure communication over standard, currently established telecommunication networks [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . An important attribute of CVQKD is that, in contrast to DV (discrete variable) QKD, it does not require single-photon sources and detectors, and can be implemented by standard optical telecommunication devices [1] , [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] , [30] [31] [32] [33] [34] [35] [36] [37] . In a CVQKD system, the information is carried by a continuousvariable quantum state that is defined in the phase space via the position and momentum quadratures. In practice, the CV quantum states have a Gaussian random distribution, because a Gaussian modulation is a considerable and wellestablished technique in an experimental scenario. The quantum channel between the sender (Alice) and receiver (Bob) is also provably Gaussian, because the presence of an eavesdropper (Eve) adds a white Gaussian noise into the transmission [19] [20] [21] . The CVQKD protocols have several attractive properties, however, the relevant performance attributes, such as secret key rates and transmission distances, still require significant improvements. For this purpose, the multicarrier CVQKD has been recently introduced through the adaptive quadrature division modulation (AMQD) scheme [2] . Precisely, the multicarrier CVQKD injects several additional degrees of freedom onto the transmission, which is not available for a standard, single-carrier CVQKD setting. In particular, these extra benefits and resources allow the realization of higher secret key rates and higher amount of tolerable losses with unconditional security. These innovations opened a door to the establishment of several new phenomena for CVQKD which are unrealizable in standard CVQKD, such as singular layer transmission [4] , enhanced security thresholds [5] , multidimensional manifold extraction [6] , characterization of the subcarrier domain [7] , adaptive quadrature detection and sub-channel estimation techniques [8] , and an extensive utilization of distribution statistics and random matrix formalism [9] . The benefits of multicarrier CVQKD has also been proposed for multiple access multicarrier CVQKD via the AMQD-MQA (multiuser quadrature allocation) [3] .
In this work, we define a statistical information processing model of multicarrier CVQKD. We study the statistical attributes of the transmission of Gaussian CV quantum states, and define the method of Gaussian Quadrature Inference (GQI) for multicarrier CVQKD. The aim of GQI is to provide a statistical estimation of the input Gaussian subcarrier quadratures from the observed noisy Gaussian subcarriers, conveyed via the Gaussian sub-channels. Specifically, the GQI method is processing on the discrete noisy subcarrier quadrature components to recover the input Gaussian CV state in a continuous regime. The GQI method developed for multicarrier CVQKD utilizes the theory of mathematical statistics and the fundamentals of statistical information processing. We define the terms statistical secret key rate and statistical private information, and using the statistical functions of GQI we prove the corresponding formulas. We demonstrate the proofs through the AMQD-MQA (multiuser quadrature allocation) multiple access multicarrier CVQKD scheme. The integrated statistical functions are flexible, allowing it to be established in an arbitrary CVQKD protocol setting (one-way, two-way CVQKD) and measurement apparatuses (homodyne, heterodyne measurement), which is particularly convenient in an experimental CVQKD setting. This paper is organized as follows. Section 2 summarizes some preliminary findings. Section 3 proposes the GQI method for multicarrier CVQKD. Section 4 discusses the achievable statistical secret key rates. Finally, Section 5 concludes the results. For further details see [10] .
TERMS AND NOTATIONS
The following description assumes a single user, and the use of n Gaussian sub-channels i  for the transmission of the subcarriers, from which only l sub-channels will carry valuable information. In the single-carrier modulation scheme, the j-th input single-carrier state j j j
x p j = +i is a Gaussian state in the phase space , with i.i.d. Gaussian random position and momentum quadratures , ,
where is the modulation variance of the quadratures. In the multicarrier scenario, the information is carried by Gaussian subcarrier CVs,
, where is the modulation variance of the subcarrier quadratures, which are transmitted through a noisy Gaussian sub-channel
Gaussian sub-channel is dedicated for the transmission of one Gaussian subcarrier CV from the n subcarrier CVs. (Note: index i refers to a subcarrier CV, index j to a single-carrier CV, respectively.) The single-carrier CV state j j in the phase space can be modeled as a zero-mean, circular symmetric complex Gaussian random variable , with a variance
and with i.i.d. real and imaginary zero-mean Gaussian random components ( )
In the multicarrier CVQKD scenario, let n be the number of Alice's input single-carrier Gaussian states. Precisely, the n input coherent states are modeled by an n-dimensional, zero-mean, circular symmetric complex random Gaussian vector
where each j z is a zero-mean, circular symmetric complex Gaussian random variable
In the first step of AMQD, Alice applies the inverse FFT (fast Fourier transform) operation to vector (see z (3)), which results in an n-dimensional zero-mean, circular symmetric complex Gaussian random vector , ,
, precisely as
) where 2 2
s, thus the position and momentum quadratures of i f are i.i.d. Gaussian random variables with a constant variance for all sub-channels:
( )
is a complex variable, which quantifies the position and momentum quadrature transmission (i.e., gain) of the i-th Gaussian sub-channel i  , in the phase space , with real and imaginary parts 
Particularly, the (
Re Im
where ( ) (
The Fourier-transformed transmittance of the i-th sub-channel i  (resulted from CVQFT operation at Bob) is denoted by
The n-dimensional zero-mean, circular symmetric complex Gaussian noise vector , of the quantum
where
with independent, zero-mean Gaussian random components
, and , 
The CVQFT-transformed noise vector can be rewritten as
with independent components and on the quadratures, for each .
Precisely, it also defines an n-dimensional zero-mean, circular symmetric complex Gaussian random vector with a covariance matrix
The complex single-carrier channel coefficient is derived from the l Gaussian sub-channel coefficients as 
GAUSSIAN QUADRATURE INFERENCE (GQI)
where stands for the estimator function, is the inverse CVQFT operation. The aim of GQI is to provide the continuous from the discrete subcarrier components . A variable refers to a Gaussian quadrature component (real variable, position or momentum quadrature) of the i-th noisy subcarrier, resulting from a measurement operator M (homodyne or heterodyne measurement, respectively).
( ) 
is the i-th sub-channel of , while are optimal Lagrange multipliers.
be the single-carrier Gaussian CV of , ,
is the single-carrier modulation variance [2] , and let the m subcarrier CVs of be referred via
where , , 
where , ,
and are noisy Gaussian random quadratures, , , 
and where , are the single-carrier and multicarrier modulation variances, respectively. Statistically, in a multicarrier CVQKD setting, the following relation can be written between a single-carrier and subcarrier
Gaussian quadrature component (assuming ): (34) Note that in (32) it is assumed that the integral of (33) exists and is invertible, thus is either square-integrable or absolutely integrable [28] . The noisy version of 
In particular, the spectral density of can be defined via the
which is a statistical measure of the strength of the fluctuations of the subcarrier components [2] , [28] . Precisely, it can be verified that (36) is analogous to the power spectrum of ,
where is a real function of ,
such that
where is the autocorrelation function (autocorrelation sequence [25] [26] [27] [28] ) of , expressed as ( )
Without loss of generality, (36) and (38) , allow us to write
Using (41), the estimation of , where is the inverse CVQFT unitary operation, is expressed as
which, by using (38) can be further evaluated as
In particular, allows us to uniquely specify of a noisy subcarrier quadrature as follows.
For a noisy subcarrier quadrature of the i-th subcarrier CV of ,
Note that (46) can also be determined via a pilot CV state-based channel estimation procedure; for details, see [8] .
Without loss of generality, using (45), (44) can be rewritten as
According to the fundaments of the maximum entropy principle, 
since is a functional of , subject to ( )
where set Ã is defined as 
where is a Lebesgue space, while set is defined as the set of the autocorrelation functions of the m subcarriers of , 
where is a transfer function
where are the Lagrange multipliers, , and iq l 0, , 1, 0, ,
(57)
Note that in a CVQKD setting, and , since only one M measurement operation is performed on a given subcarrier CV state that yields a given variable per each subcarrier CV state.
Set (51) can be reformulated with respect to as 
and . Precisely, the Lagrangian coefficient is determined via as
Since is a real function of ,
(56) at can be expressed as
(60)
(55) can also be rewritten as 
which is, in fact, a least-square approximation, that in contrast to (61) always exists [25] [26] [27] [28] .
Specifically, in function of the Lagrangian set G ( )
(63) can be expressed as [28] ( )
where ( ) ( )
Then, defining as (68), in fact, is an oversimplified formula and cannot be considered as a general case. On the other hand, since the proof can be extended to an arbitrary multicarrier CVQKD setting, we further use this formula in the remaining parts. For the rigorous proofs on the various correlation measure formulas of a multicarrier CVQKD, see [5] . The direct reconciliation case also follows from the results by considering the logical channel of Alice and Eve, instead of 
The Holevo quantity can be expressed by the quantum relative entropy function as [39] [40] ( k
where denotes an optimal (for which the Holevo quantity will be maximal) channel output state and . The Holevo information  can be derived in terms of ( ) 
